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Canonical Quantization

• Consider Einstein-Hilbert action

May 2025 Lorenz Hartmann 3

ansatz: (closed) FLRW metric



• Treat this as quantum mechanical system with coordinates a and N

• The lapse function N represents gauge freedom which leads to a constraint
equation

where p is the momentum conjugate to a

• Quantum theory: constraint on physical states
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Wheeler-DeWitt (WDW) equation

[4,5]



Solutions to the Wheeler-DeWitt equation

Classical de Sitter space Wheeler-DeWitt equation
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Looks like ‘Schrödinger equation‘ 
for particle in a potential [2,3]



• Imagine universe „tunnelling“ through the potential barrier. Wave function
picks up a factor of

The sign difference is crucial since it tells us which values of the vacuum
energy (cosmological constant, scalar potential, …) are more likely

• Choosing a different operator ordering when
quantizing, one can solve WDW equation exactely
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+ : Hartle-Hawking (HH) solution
- : Linde-Vilenkin (LV) solution

[2,3]



Path Integral Approach

• Consider the propagator for transitions between initial and final state –
setting the initial scale factor to zero gives the wave function

• This integral can be simplified to an ordinary, one-dimensional integral over
the lapse
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[7]



• Connection to Canonical Quantization: One can show that this propagator
satisfies the Wheeler-DeWitt equation if one integrates over the whole real 
lapse line. 
This leads to two possibilites:
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[9]



• The integrals can be analyzed with Picard-Lefschetz theory, deforming the
contours to (complex) steepest-descent contours along which the integrand
does not oscillate but decay exponentially

• The integral can be approximated by its behaviour around the saddle points

• Conclusions:
• Both contour choices lead to a convergent integral
• Closing the contour from above gives a LV wave function ΨLV , closing the contour from

below gives a HH wave function ΨHH 
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[8]



Exact Solutions to the Path Integral

• Idea: If the Path Integral is too complicated to solve, evaluate it at special
values and ‘match‘ the result to the known solutions of the WDW equation

• One finds exact solutions to the path integral in terms of Airy functions

Both are valid candidates for the wave function of the universe
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[10]



• Unlike ΨLV , ΨHH  is independent of Λ for small scale factors. This is an 
argument in favour of the Hartle-Hawking wave function because the
cosmological constant should be negligible for small universes
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Summary
• The wave function can be calculated from both the Wheeler-DeWitt equation 

and the path integral

• With an appropriate choice of integration contour for the lapse, the path 
integral satisfies the WDW equation

• The wave functions obtained is this way are of LV or HH type, depending on 
the contour

• While the wave functions both have their advantages, ΨHH  has the unique
feature of being independent of Λ for small scale factors

May 2025 Lorenz Hartmann 12



References and Further Reading
• Wheeler-DeWitt equation and its solutions

• Quantization of constrained systems

• The Path Integral and Picard-Lefschetz theory
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